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Optimal Sequential Probability
Assignment for Individual Sequences
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Abstract— The problem of sequential probability assignment
for individual sequences is investigated. We compare the prob-
abilities assigned by any sequential scheme to the performance
of the best “batch’ scheme (model) in some class. For the class
of finite-state schemes and other related families, we derive
a deterministic performance bound, analogous to the classical
(probabilistic) Minimum Description Length (MDL) bound. It
holds for “most’” sequences, similarly to the probabilistic setting,
where the bound holds for “most” sources in a class. It is shown
that the bound can be attained both pointwise and sequentially
for any model family in the reference class and without any
prior knowledge of its order. This is achieved by a universal
scheme based on a mixing approach. The bound and its sequential
achievability establish a completely deterministic significance to
the concept of predictive MDL.

Index Terms—Universal coding, sequential schemes, minimum
description length, finite-state machines, prediction, gambling.

I. INTRODUCTION

T is widely recognized, following Solomonoff [28] and

more recently Rissanen [21], [23] and Dawid [9], that an
important goal in inductive inference is learning a conditional
probability distribution of future data based on the past.
Imagine a situation where data is observed sequentially, i.e., at
each time instant ¢ and after having observed past data z} =
T1Z9 - - - T; one wishes to make inferences on the next outcome
x;,1 by assigning a conditional probability distribution p(-|z%)
to it. In the long run, the goal is to maximize the assigned
probability of the entire sequence

n—1
P(zt) = [[p(wisaled). 1
i=0

This probability assignment problem finds its applications in
coding [24], gambling [10], and prediction [26]. In noiseless
coding, for example, —log P(z}) is the code length of a
Shannon code, based on the above probability assignment,
which can be implemented sequentially by arithmetic coding
[24]. Clearly, a good inference procedure that induces a high
probability P(z7) also yields a short code to the given input.

Manuscript received April 30, 1993; revised May 25, 1993. The work of M.
Feder was supported in part by the Wolfson Research Awards, administered
by the Israel Academy of Sciences and Humanities.

M. J. Weinberger is with Hewlett-Packard Laboratories, Palo Alto, CA
94303, USA. This work was done while he was with IBM-Almaden Research
Center, San Jose, CA USA.

N. Merhav is with the Department of Electrical Engineering, Tech-
nion-Israel Institute of Technology, Haifa 32000, Israel.

M. Feder is with the Department of Electrical Engineering—Systems, Tel
Aviv University, Tel Aviv 69978, Israel.

IEEE Log Number 9216794.

As for gambling, if the {z;} are binary, then 2" P(z7) is
the capital gain obtained by investing, at each time instant,
a fraction of the current fortune that is proportional to the
conditional probability p(-|z%) of the next outcome. Again,
the larger the probability assigned to zT, the larger is the final
fortune.

In spite of being concerned with a sequential probability
assignment problem, we do not assume the data to be generated
by a probabilistic source but, rather, we regard zT as an
individual sequence over a finite alphabet A. Suppose that we
have a class of machines with limited resources that assign
probabilities to sequences. In many cases, the probabilities
induced by these machines correspond to parametric proba-
bilistic models, e.g., the class of finite-state (FS) machines
(or FSM’s) is associated with probabilistic FS sources, block
codes correspond to blockwise memoryless sources, and so
on. Let each machine (or model) in the class be indexed
by a parameter vector @ that takes values in a set © whose
dimension & expresses the amount of resources. Let Pg(m'i)
be the probability assigned to a sequence z} by the machine
#. Observe that any machine @ can be viewed as a sequential
probability assignment scheme which at time ¢+ 1, after having
observed x%, assigns to z;,; a conditional probability

. _ Pp(zi*h)
pg(Tiv1lr]) = 57, 2
0( + | 1 Pﬂ(xl)
provided that the marginality condition
> " Py(x}a) = Py(=}) ©)

a€A

is satisfied for all z > 1. Now, given z7, we are interested
in the logarithm of the assigned probabilities, which gives the
code length, or the capital growth rate, induced by the assign-
ment. If the whole sequence was available in advance, then
the highest log-likelihood in the family, log maxg_g Pg(z7),
would be attained by a machine 8(z7). However, since 8(z7)
depends on the entire sequence, it cannot be anticipated in a
sequential regime. Thus, the maximum likelihood probability
cannot be assigned to all sequences by a single machine.
But we wish to design a single universal sequential ma-
chine, that implements a probability assignment by reading
the components of =7 serially and assigning dynamically con-
ditional probabilities p(z;41|r%) on-line. Here the attributes
“sequential” and “universal” are highly interrelated as they
both mean that the conditional distribution p(-|z%) depends
neither on z;4; nor on future outcomes. In addition, by
universality we also mean closeness to optimality and this
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raises the question: How does the accumulated log-likelihood
> ;>0 log p(z;11|x%) assigned by any universal scheme com-
pare to the optimum “batch” performance log maxg e oFp(z1)?

An upper bound on the accumulated log-likelihood of any
universal scheme, that holds for “most” sequences (with a
suitable definition of this term), and which is related to the
concept of competitive optimality of codes [4], [11], is applied
to show our first result, stating that for FSM’s and other related
families, the above log-likelihood must be asymptotically far
away from the maximum by a quantity at least as large as
0.5k log n, for “most” sequences. As for noiseless coding, this
means that for any uniquely decipherable encoder that assigns
to 7 a code whose length is L(z?), for any € > 0, all large
n, and “most” sequences,

k
L(z7) > —logmaxg o Fg(z7) + (5 - €>logn. @)

This result can be viewed as a deterministic counterpart to the
classical probabilistic lower bound [22], which states that for
any (universal) code, and for “practically all” sources in the
class {Pg(-), 8 € O}, the expected code length essentially
cannot be less than —Eglog Fg(z7) + 0.5k logn, where Eg
denotes expectation with respect to (w.r.t) Pg. The bound
in [22] has strengthened earlier minimax bounds for universal
codes developed in [6]-[8] and [13]. Similarly, (4) strengthens
the asymptotic version of a pointwise minimax bound due to
Shtar’kov [27, Theorem 1] (where a maximum over all n-
sequences is taken). Thus, while the minimax results state that
there exist “‘situations” where the lower bound holds (where
a situation means a source or a sequence, depending on the
framework), in [22] and here in (4) the bound holds for most
situations, where the term “most” will be defined later. It must
be said, however, that while the minimax bounds hold for
any value of n (see [7] and [27]), the corresponding stronger
bounds are merely asymptotic.

Another aspect of (4) is a justification of the concept
of Minimum Description Length (MDL) for individual se-
quences. The quantity —logmaxg. . Pg(z7) + 0.5klogn in
(4) is recognized as the asymptotic stochastic complexity of
z% w.r.t. the model family ©, [21], and is the basic ingredient
in the MDL principle [18], [19]. This principle is applied when
we wish to select a model that “explains best” =7, among all
models in a sequence of parametric families {F, g(-), 0 €
Om}, m=1,2,---, where O,, is a set of parameter vectors
whose dimension k,, is nondecreasing with m. Specifically,
the MDL principle suggests choosing the model that minimizes
the code length for z7. In its original formulation the code
length was computed with a “two-part” code, in which the
parameters are optimally quantized and encoded, and then
the data is encoded with an ideal code length [24], given the
quantized parameters. Asymptotically, this results in choosing
the model that attains

&)

m

. ny , Fm
mué [—log Pmyo(:r:1 )+ Tlogn}.

’

Assuming that the parametric families are nested, the first term
in (5) is nonincreasing with k,,, while the second term is

increasing. Thus, their sum is normally minimized by some
finite m.

The justification of referring to (5) as the MDL of z7}
has been originally provided in [18] and [19] merely on the
basis of the above particular coding scheme. Nevertheless, a
profound justification exists when z7 is treated as a member
of a probabilistic ensemble and expectation is taken. In this
probabilistic setting, the above mentioned lower bound on the
expected length [22] is a converse to the universal coding the-
orem. Thus, the codes traditionally used to express the MDL
(two-part, enumerative, mixture, predictive [20]-{22], [29])
are justified by achieving a lower bound “on the average.”
The fundamental idea of the MDL principle, however, resides
in fitting a probabilistic model to a deterministic sequence,
and thus a stronger justification of the definition of (5) as
“the information in z7” [22] results from the bound (4) or its
immediate ccrollary

km
L(z}) > mig —log P, o(z7) + (7 - e)log n], (6)

which again holds for any encoder and “most” sequences.

Our second main result is that for many useful model
classes m can be assumed as unknown, yet a sequential
scheme for optimal probability assignment exists. Moreover,
this scheme is strongly sequential, i.e., the target length n
of the sequence does not have to be prespecified. Here,
optimality means that our strongly sequential scheme is guar-
anteed to assign a likelihood that is essentially not less than
maxm,o[log P, g(z}) — 0.5knlogn], namely, to attain the
bound for any value of m simultaneously. Thus, the scheme
is “twice-unisersal” [25]. In terms of noiseless coding, this
means a strongly sequential code whose length never exceeds
(6), where tte minimum is taken w.r.t. any finite subset of
indexes {m} that is not necessarily known a priori.

The idea in constructing this doubly-universal scheme is
to define the universal probability measure P(-) as a two-
level mixture of all models (machines) in the family. The
first level consists of a continuous mixture in each ©,,.
This is easy to implement (in the FS case) sequentially
by accumulating a product of the current (biased) relative
frequency estimates of the conditional probabilities at each
time instant (a variation of Laplace’s estimator [13], [27]).
The second .evel of mixing assumes a certain prior on the
integers m == 1, 2,---, which if chosen appropriately, cre-
ates an overall mixture P(z7) satisfying (3), thus inducing
conditional probabilities {p(z;4,|z)}7 that depend on i
and z% but not on n. Hence, it can be implemented in a
strongly sequential fashion. Moreover, a key observation is
that for the considered model families, the countable mixture
over m, in fact, degenerates to a finite mixture, because the
contribution of all first-level mixtures over ©,, is the same
for all values of m that exceed a certain threshold depending
on n. A similar approach has been proposed in [26] for batch
coding of Markovian probabilistic sources. Here we widen
the scope both to the sequential deterministic setting and to a
more general framework that allows several other families of
machines. Examples are Markovian (finite-memory) machines,
block encoders, and a family of models that allows an abrupt
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switch from one FSM to another. For the sake of concreteness,
we present the main results first for FSM’s, but we show later
how similar ideas are applicable to the other model families.
In the FSM case, the double universality implies that both the
cardinality and the connectivity of the graph supporting the
FSM are unspecified. The achievability of the bound further
strengthens the deterministic significance of the (predictive)
MDL concept.

Note that the Lempel-Ziv algorithm [33] also induces
conditional probability distributions [24, Theorem 1], [14]
such that the log-likelihood of any individual sequence is
asymptotically as large as that assigned by any fixed FS model.
This follows since the induced probability measure can be
interpreted as a Markovian measure of slowly growing order,
which eventually assigns a probability higher than that of
any FS scheme. However, the Markovian order is growing
indefinitely, and hence, unlike our results, the “redundancy”
is large as compared to the lower bound (6).

It is interesting to point out that in the probabilistic setting
where z7 is governed by some FS source, it has been shown
[29] that the MDL is attainable by using a “plug-in” approach,
namely, by a sequential encoder that at each time instant re-
estimates a model in the family (the number of states, the
structure of the machine, and the parameter #), and arithmetic
coding [24] w.r.t. this estimate is employed to encode the next
symbol. On first glance, it seems natural to apply this approach
when double universality in a deterministic setting is required.
However, we show that for a wide class of reasonable model
estimators, it does not attain the MDL for every sequence.

The outline of the paper is as follows. In Section II we
establish the performance bound and discuss its significance.
In Section III, we discuss the achievability of the bound in light
of previous work dealing with sequential or doubly-universal
codes in the FS class ([20], [25], [27], [29]), and rule out
the “plug-in” approach. In Section IV, we present the mixture
approach and show that it attains the bound while degenerating
to a finite (calculable) summation. Finally, in Section V, we
show how the proposed method is applied to handle the issue
of both sequentially and doubly universality for other model
classes, where we have a countable set of model families and
a strongly sequential universal scheme for each family.

II. STATEMENT OF THE PROBLEM AND PERFORMANCE BOUND

Consider the problem of designing a machine AM that, when
fed with a finite-alphabet sequence z7, sequentially assigns a
conditional probability distribution for the next outcome given
the past. What are the fundamental limitations on the highest
attainable probability? To answer this question we start by
establishing a simple general upper bound on the probabilities
Ppq(zT) allocated by M to “most” sequences z7.

Hereafter, we assume that the input alphabet A consists of
a letters and we denote the set of all n-sequences by A™. A
partition {T;}I_, of A™ is a collection of N disjoint subsets of
A™ whose union is exactly A™. The following lemma states
that the set of sequences that violate the above mentioned
upper bound is small in some sense. Later on we shall apply
this lemma to compare the probabilities assigned by M to

those generated by FSM’s, which induce a natural partitioning
of A™ into types.

Lemma !: Let Pap(z7) denote the probability assigned by
a scheme JM to a sequence x7. Given € > 0 and a partition
{Tj}f’:1 of A", let Baq(e) denote the set of sequences over
A™ that do not satisfy the upper bound

1
|T(7)|N =€
where T'(27) denotes the class containing z}. Then, the

fractions p, of sequences in T} belonging to Ba4(e), defined
by

Pp(a7) < Q)

A |Bm(e) N T
= t))
! |75
satisfy
N
N7y "p; < N7=. ©)
j=1

Lemma | implies that if /V grows with n, then the average
fraction of sequences in each class to which M assigns
probabilities that violate (7), vanishes with n. In particular,
if M is constrained to assign a fixed probability within
each class, then the fraction of classes whose sequences have
“large” probabilities vanishes.

Proof of Lemma 1: We have

1= 3 Pud)> Y Pu(s})

znEAn 27 €B ()

N
1
> ZI—TJTAT{:; -p;|T31,  (10)
=1
which yields (9). Q.E.D.
Applying Chebyshev’s inequality using a uniform distribu-
tion over the classes, it is easy to see that the fraction of classes
containing a significant fraction of sequences with “large”
probabilities, vanishes, as stated in Corollary 1.
Corollary 1: Let Na(e) denote the number of classes T'
for which

[Bm(e)NT

> N~¢/2, an
7|
Then,
NM(S) —e/2
N <N 12)

Lemma | can be interpreted in terms of competitive opti-
mality of codes [4], [11]. Consider a probability distribution
Pr(-) over A™ that assigns a uniform probability over the
classes T;, 1 < j < N, and a uniform probability within each
class. A prefix code matched to Pr would assign to z7 a code
length Lp(z7) = logT(27) + log N. The probability under
Pr that a code matched to some Pay(-) would assign to z7
less than I.r(z}) — elog N bits is upper bounded by N~*
(see, e.g., [11, Theorem 1]). Now, clearly, this probability is
N=13Y | pj, which is exactly (9).

Hereafter, we assess the performance of M relative to some
competing family F of probability assignment schemes, by
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comparing each assigned probability Py4(z7) to the maximum
probability Pe(z7) assigned by a scheme F(z7) in F, matched
to the specific sequence. Thus, while M is a fixed sequential
scheme, independent of z¥, a “batch” procedure in which the
sequence is prescanned is allowed for chosing the best scheme
in F. Note that, in general, M ¢ F. For a given family F, let
the partition of Lemma 1 be defined by the equivalence relation

13)

i.e., two sequences are in the same class if and only if they are
assigned the same probability for every F € F. Then, Lemma
1 can be used to measure the performance of M relative
to F, provided that we lower-bound |T'(z7)|, as defined by
(13), in terms of Pr(z?), ie., the “maximum likelihood”
of zT w.r.t. the model family F. The reference families in
this section contain machines with limited resources, that
implement schemes whose :th assignment, > 1, depends on
the past data zil"l only through a state variable z;_;, which
is determined by an FSM.

Specifically, an FSM F is defined by a state space S of
finite cardinality &, with the transitions between states being
determined by a “next-state” function f that maps S x A into
S. When a sequence z; z3 - - is fed into F, the state variable
evolves recursively according to

z7 ~ y7 iff Pr(zl) = Pr(y7) forevery F € F,

2 2 flaioy, @), i1 (14)

where zg is a given initial state. An FSM can be illustrated
as a directed graph with k vertices corresponding to the
states and with edges corresponding to the allowable state
transitions dictated by f. Thus, we assume « outgoing edges
from each vertex, although later on we dispense with this
assumption. Markovian machines are a special case where
the state is formed by sliding a finite window on the recent
past of the data. A machine F' is completely characterized by
the quadruple (S, k, f, z0). We also assume that the graph
determined by f is strongly connected, but the results can be
extended to any FSM. If F is the family of schemes defined
by an FSM F|, then by (1) the probability assigned to =7 by
a scheme F € F has the product form

Pr(a}) = [ [p(@il2i-1)

=1

(15)

where p(alz), a € A, z € S, is a vector of conditional
probabilities that represents the free parameters of the machine,
and 2§ = 2o 21---zn denotes the sequence of states, as
defined by (14). Now, defining for every z € S and every
a € A the count

i
pi(za) £ 3 8(zio1, 23 4, ),

(16a)
i=1
where
o o a1 ifzii=zandz;,=a
8zi-1, 25 @i, 0) = {0 otherwise, (16b)
then (15) takes the form
Pr(z})= ][] »plalz)y~C. (17

a€A, z€S

Thus, by (13) and (17), the equivalence classes defining the
partition to bz used in conjunction with F and Lemma 1, are
given by sequences having the same FS-type w.rt. F, ie.,
sequences having the same counts y,(za) for every z € S
and every a = A. Furthermore, by the FS property (17), any
scheme in F must use a fixed strategy each time a symbol
a € A is received at state z € S. It follows by Gibb’s
inequality that, for a given input sequence z7, the maximum
probability Fi(x7) is attained when each p(a|z) agrees the
“empirical” conditional probability P,(a|z) relative to z7,
defined by

Pa(al) = {OL(n za) if pin(2) = Yacamn(za) =0

otherwise,
pn(z)
(18)
and derived from the joint empirical measure over § x A
Pu(za) & ”"Ef“) . (19)

Thus, the best scheme in F yields a total probability
Pe(a}) = 27 "HGETIF) (20)

where H(z}|F) is the conditional entropy w.r.t. F of the
empirical measure, namely

A3F) 2 =35 Pu(za)log Pa(alz)

a€AzES

(2D

where hereafter the logarithms are taken to the base 2 and
Olog0 2.

Next, we use Corollary 1 to derive a bound on the perfor-
mance of any scheme M w.r.t. the family of schemes defined
by an FSM #7, for “most” sequences, in the sense defined by
(9). By (20), we need to lower-bound the difference

—n"Yog Pm(a}) — H(z}|F). (22)
This is done in the following theorem, which is the main result
of this secticn.

Theorem I: Let M be an arbitrary probability assignment
scheme. For any FSM F = (S, k, f, z9) supported by a
strongly connected graph, fix € > 0 and let B4(e|F’) denote

the set of n-sequences for which M assigns a probability
Ppq{-) such that

logn

—%log Pui(z}) < H(z}|F) + [k(a2_ b _ E] . (23)

n

Let Naq(g|F) denote the number of FS-types T' w.r.t. F' for
which

[Bm(elF) N T > =<3,

24
7] (24)
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and let N denote the total number of FS-types. Then,

li, YMEE)

n—oc

0. (25)

Theorem 1 tells us that the log-likelihood assigned by any
scheme to “most” sequences of “most” FS-types w.r.t. F, is
asymptotically far away from the maximum by a quantity at
least as large as 0.5k(« — 1)logn. This, of course, does not
imply that the bound holds for all but a vanishing fraction of
sequences. However, the rationale in measuring the relative
sizes of the exception sets type by type is that it amounts to
considering regions where the competing FSM behaves alike,
and only the behavior of M may vary from one sequence to
another.

As observed from (7), the use of Corollary 1 in the proof of
Theorem 1 requires auxiliary lower bounds on the number N
of different FS-types and on the size |T'| of an FS-type. The
former bound is stated in LLemma 2 below, and its proof, which
was given to us by N. Alon, is not reproduced here. The lower
bound on |77, stated in Lemma 3, is derived in Appendix A
and holds for all but a vanishing fraction of types, as stated in
Lemma 4. An alternative bound that holds for every FS-type
is given in [3], but it is not tight enough for our purposes.

Lemma 2: Let F = (S, k, f, z) be an FSM supported by
a strongly connected graph. Then,

N > Cpte-1 (26)
where C is a constant that depends only on F.

Lemma 3: Given ¢ > 0, let T be an FS-type relative to an
FSM F' supported by a strongly connected graph, such that
for every z € S and every a € A,

[.Ln(Zﬂ,) > ﬂn(z)‘ss, F(n) (27)
where 8. p(n) is a vanishing function that depends only on &
and on F'. Then, for all sufficiently large » we have

kla—1)

T 2

log |T| > nH(T|F) — [ +e} logn  (28)

where H(T|F) denotes the empirical conditional entropy
H(z}|F), which depends on z* only through its type T'(z) =
T.

The FS-types not covered by Lemma 3 represent a vanishing
fraction of the total number of FS-types, as stated in Lemma
4 below.

Lemma 4: Given an FSM F supported by a strongly con-
nected graph, together with a vanishing function §(n), let N(é)
denote the number of FS-types 7' relative to F, such that
pn(za) < pn(z)6(n) for every z € S and every a € A. Then,

. N(%)
lim ——= = 0.
e N

(29)

The proof of Lemma 4 is given in Appendix B. Lemmas
1-4 provide the tools to prove Theorem 1.

Proof of Theorem 1: Let 6.6, p(n) denote the vanishing
function defined in Lemma 3, and let 75 denote the set of
FS-types that satisfy the corresponding condition of Lemma
3. First, consider a sequence 7 € Baq(e|F) such that
T(z}) € Ts. By Lemma 3, and using the simplified notation

K 2 k(a - 1), we have

- K
—log Pap(h) < nH(zT|F) + (7 - 6) logn

< log|T(z})| + <K - %)Iogn

log N — log n*—5¢/6 )

~ togl7(af)] + (1

log N
-log N. 30)
By Lemma 2, for all sufficiently large n we have
N > nf—e/6, 3n

Thus, (30) yields

o 1 2e/3
—log Paia?) < log|T(z?)| + (1 _ o8n )logN. 32)

log N

By Corollary 1, the fraction of FS-types that belong to Ts and
such that

Bm(elF)NT|  osognze

TTog N ~£/3
7|

(33)

=n

never excexds n~¢/3. Now, by Lemma 4, only a vanishing
fraction of FS-types does not belong to 7. Hence, the total
fraction N~1Nn(e|F) of types satisfying (24) vanishes.
Q.E.D.

As discussed in Section III, we consider the achievability
of the bound of Theorem 1 relative to the entire class of FS
schemes, riather than a specific machine F'. To this end, the
following corollary is needed.

Corollary 2: Let J denote an arbitrary set of FSM’s F' =
(S, k, f. z0), each supported by a strongly connected graph.
Fix ¢ > 0, and let Bp4(¢) denote the set of n-sequences for
which

1
~ = log Paa(a?)
. N k(a—1) logn
< anel'r}{H(zl |F) + [ 5 E] . } 34)
Then,

Bu(e) = () BumlelF). (35)

Fed

The above corollary states that the “exceptional” set Bay(e)
of the sequences for which M successfully competes [as
defined by (23)] with the best FS scheme, based on any
machine F € J, is the intersection of the exceptional sets
for all F' and, a fortiori, it is “small.”
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Comparison with previously reported results: So far we
have been concerned with optimal probability assignments,
and this allows the consideration of general sequential decision
problems as noiseless coding, gambling, and prediction. In the
coding case, each probability measure Paq(x;y1|zt), 0 <
i < m, can be used with an arithmetic coder [24] to perform
a noiseless code L with total code length

n—1

La(z}) = =) log Par(ziqala}) = —log Pr(z]).  (36)
=0

Thus, one can define the scheme A1 as a noiseless se-
quential encoder competing with FS encoders, as was done
in [33], with the additional constraint that the ideal code
lengths Lr(z,a), a € A, z € S, assigned by the FS
encoder at each state, satisfy the Generalized Kraft inequality
Y aca 27 L7 (=2) <1 for every z. Now, proceeding as in [27,
Theorem 1], one can easily show that for any scheme M, any
machine F, and every n, we have

max [ Laa(z}) - H(a7IF)]

Zn—llog z g-nH(=7|F)|
zpEA™

(37

It can be further shown that an asymptotically equivalent lower
bound is

max [n~' La(a}) — H(a}|F)]
Tz} €A™
logn
2n
Thus, Theorem | strengthens the pointwise minimax bound
(37), due to Shtar’kov [27, Theorem 1], in a way similar to
that in which Rissanen’s bound on the average code length
[22] strengthens the earlier minimax bounds [6]-{8], [13], in
the probabilistic case. In this process, we obtain an asymptotic
result, instead of a bound that holds for any value of n, as in
[27]. Again, a similar phenomenon occurs when comparing
the lower bounds of [22] and [7].

Moreover, Theorem 1 has a completely deterministic mean-
ing, unlike the setting of [27], where the bound involves an
(implicit) average criterion, along with the maximum taken
over A™, which is suited to individual sequences. In [27], 7
is emitted by an FS source (supported by an FSM F) with
probability Pg(zT|F'), where 8 denotes a vector of conditional
symbol probabilities. Although (22) is there defined as a
“maximum own redundancy” for single messages [with a
length function satisfying (36)], the definition relies on the
interpretation of

> k(a-1) -0, (38)

[Lad(a) + log Py(aT|F)] (39)
as a redundancy. Now, the use of (39) assumes, implicitly, that
having a code length close to —log Py(27|F') is a desirable
goal, which of course is the case if we need to minimize also
the average code length w.r.t. Py(-|F). In this respect, we
notice that some authors refer to (39), in a probabilistic setting,

as a “pointwise redundancy” (see, e.g., [S], [17, Definition 1]),
unlike our definitions, where this term is reserved to (22).

Finally, we: comment that although we assumed the graph
of the considered FSM’s to have exactly o outgoing edges
per state, the results can be easily extended to any strongly
connected graph with E edges. In this case the model cost
[i.e., the second-order terms in the right-hand sides of (23)
and (34)] would be (E — k)(logn)/2n. For example, E = k?
corresponds to a first-order Markov chain, while £ = ak is
the case considered so far. This allows different alphabet sizes
per state, which is essentially different from letting « be the
maximum size and taking some transition probabilities to be
Zero.

III. ACHIEVABILITY AND THE “PLUG-IN"APPROACH

Next, we discuss the achievability of the bounds given
by Theorem 1 and Corollary 1. First, assume that F' =
(S, k, f, zo) is a fixed, given FSM. Following Theorem 1 and
considering second-order asymptotics, we define a scheme M
as universal w.r.t. F, if for all sufficiently large n
max [~n"og Pa(z) — H(z7|F)

n
EES

I
<k(a—1) ozg"
n

+0(n7Y). (40)
A scheme satisfying (40) achieves uniformly (up to an ¢) the
bound (23) for a given F' and every sequence. Since M is
sequential by definition, the probabilities it assigns must satisfy
the condition (3) on the marginals. Moreover, the considered
schemes are .itrongly sequential, i.e., the probability assigned
to z;41 depends neither on future outcomes nor on the length
n of the entire sequence z7 to be processed. Noiseless codes
derived as in (36), with a probability assignment satisfying
(3), have been termed regular [20]. A universal probability
assignment mechanism (for a specific F') and its sequential
code, have been studied in [13], [27], where it is shown that

P'(z}|F) = [[#i_1(zilzica, F),
i=1

%2 flziiy, 2), 1<i<n, ()

where
i(za) +1/2
#(a)z, F) & B+ 1/2

satisfies (40). The assignment (41)—(42) is similar to Laplace’s
rule of succession, except for a different bias.

Here, however, we consider a stronger definition of univer-
sality, that corresponds to Corollary 2. Let ¥ denote the set of
all FSM’s (of any number of states), and let J denote a finite
(unspecified) subset of ¥. Following Corollary 2, a scheme M
is defined as universal in the class of FS schemes, if for every
J and all sufficiently large n (depending on J), it satisfies

42)

1
a —=~log P 1) — min
m?lefn{ S m(zT) FElJ

logn

. [ﬁ(x'{lF) + k(o — 1)7

]}som*)<@)
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Thus, we are interested in schemes that are simultaneously
universal w.r.t. every FSM F' € J, with an unspecified number
of states, where J is finite but unknown. Note that although the
class of FS models is not nested (as opposed to the discussion
in Section I), each k-state FSM is nested in all its refinements
with &’ > k states, and thus the same arguments apply to the
minimum in (43). Universality relative to the FS class, can be
expressed in terms of universality w.r.t. each F', as stated in
Lemma S below.

Lemma 5: A scheme M is universal in the FS class, if and
only if it is universal w.r.t. every F € V.

Proof: First, assume that M is universal w.rt. every
F € 0. Thus, (40) holds for every F', with the O(n™!) term
being a function € g (n) that depends only on F. Next, consider
a finite subset J of ¥. Since J is finite, there exists an O(n 1)
function that uniformly upper-bounds eg(n) over J. Hence,
(40) (with F' € J) clearly implies (43), and since J is arbitrary,
M is universal in the FS class.

Conversely, if M is universal in the FS class, (43) holds
for every finite subset J of W. In particular, it holds when
J is a single machine F. Consequently, (40) holds for every
Fet. Q.E.D.

A code derived from such a universal scheme M asymptot-
ically achieves, for every sequence and in a predictive manner,
the MDL given by a two-part code in the class of FS models,
without any prior knowledge of the model structure. Codes
whose universality applies not only to a given F but to every
F simultaneously, have been termed “twice-universal” [25].
However, the universality of the codes considered in [25] has
been established merely in a probabilistic sense.

To the best of our knowledge, the problem of achieving the
MDL both pointwise and sequentially, has not been explicitly
treated before. The semi-predictive code of [20, Theorem 2] is
not sequential, for a prescan step is needed to find the optimal
machine F. In [27, Theorem 3], where the questions of strong
sequentiality and pointwise optimality are also addressed, F’
is assumed as known, while we require universality w.r.t.
the entire class. Although this requirement [see (43)] is also
stronger than that of [27, Corollary 4], the mixing approach
employed there would work in our framework if an upper
bound on k& was known. However, this approach fails when
the set J is unknown. Also, if J grows with n, as suggested
in {27], the marginality condition (3), needed for strong
sequentiality, might be violated. Finally, the scheme proposed
in [29] is sequential, but achieves the MDL in the probabilistic
sense only, with the data being a sample of some FS source.

Due to their success in solving related problems, the se-
quential schemes of [27] and [29] are plausible for universal
probability assignment in the sense defined by (43). Observe
that although the conditional measure (42), used for uni-
versality in [27] for a given F, results from a mixture of
measures over the parameter space, it can also be viewed
as “plugging” the “estimated parameter” 8}(z;+1|2;, F) at
time ¢ + 1. In the same spirit, a “plug-in”’ approach is also
used for double universality in a probabilistic setting [29],
where at each time instant 7 a model structure I:'TL-, which
recursively generates a state sequence Z;, is estimated, and
then the empirical probability 8! (x;41|3;, F;) induced by the

estimated model is assigned to the next symbol z;,;. The
total probability assigned to z7 by this “plug-in” scheme is
PPI(g7) = [Py 0i(zis1]2:, F3). To assess its performance
in a deterministic setting, we must compare

1 n 1 — X o A .
“EIOgPPI("ﬁ) = —521°g02(55i+1|2h E) 2 1P(ah)

=1

44
to the per-symbol MDL
. logn }
min{ H(z7|F)} + k(e -1 45
min{ A1) + ko - "% @)

where k is the number of states in F' and J is any finite set
of FSM’s. As discussed in Section II, (45) is essentially the
optimal cocle length for “most” sequences.

A natural model structure estimator to be used sequentially
in this plug-in approach is the asymptotic MDL estimator w.r.t.
the data z% observed so far, i..,

F=arg min{f{(zﬂF) + k(o — 1)]-(-’—g,i}. (46)
Fed 2i
The resulting per-symbol code length IF7(z7), defined in
[21] as the predictive stochastic complexity of z w.r.t. the
appropriate class of models, was conjectured there to be
asymptoticzlly equivalent to the nonpredictive stochastic com-
plexity, i.e.. to the MDL. This conjecture has been confirmed
[29] both in expectation and with probability one using a slight
modification of (46). However, it can be shown that for any
sequential model structure estimator of the form
F; = argmin{H (3 |F) + v(3)} @n
Fev
where v(7) is a vanishing positive “penalty term,” the conjec-
ture fails to hold uniformly for every sequence. In other words,
there is a counterexample sequence whose code length in the
plug-in approach is larger than (45) by at least an O(n~!log n)
term. Note that both (46) and the estimator [29] are special
cases of (47). Estimators having the asymptotic form (47)
are reasonable since, by (20), H(zi|F) is the minimum of
—i~llog Py-(x}) over all probability distributions Px(-) that
are based ¢n F and, furthermore, higher order models in the
class that sre refinements of lower order models, uniformly
yield a smaller empirical entropy. Thus, a penalty term (%)
is needed. In Appendix C we sketch the idea underlying the
construction of the counterexample sequence. More details can
be found in [12].

1V. THE “MIXTURE’ APPROACH

Rather than trying to estimate the best machine F' that fits
the data, we construct a universal scheme M satisfying (43)
for every funite set J of FSM’s and all sufficiently large n,
by computing a “mixture” of schemes satisfying (40), one for
each specitic F. This idea has already been applied in [26]
for prediction in a probabilistic setting. The difficulty is that
J is unknown and the number of model families is countably
infinite, so a naive mixture involves an infinite summation and
hence is inapplicable. Fortunately, it turns out that by defining
the comporents of the mixture appropriately, the contributions
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of all machines with sufficiently many states can be made
identical. Since these machines assign the same probability,
this enables the computation of the mixture. This approach is
applied also in Section V to other situations of interest.

Specifically, for a given F', consider the probability assign-
ment defined by (41) and (42). Following [20], we order the
set U = {Fy, Fp,---} of all FSM’s, such that a machine
with fewer states precedes another with more states, and
the ordering of machines with the same number of states
is arbitrary. Let {7(j)};>1 denote a positive summable se-
quence, [oo = 3072, 7(4), and T; = 37%_, 7(4). Define the
probability measure

2 12 V()P (7).

j=1

P'(x7) (48)

Note that T'71+(j) serves as a prior on F; € . This slowly
decaying weighting is needed to cope with the infiniteness of
U. By (41) and (42),

> P(zia)

a€EA

= P'(z}) (49)

for every i > 0, with 9 denoting the null string A, for which

P'(A|F) £ 1. Hence,

P’(a:’i‘H
Pr(a])
is a well-defined probability assignment for every ¢ > 0.
Since the probability assigned to each symbol depends on the
past string only, this assignment can be implemented by a

sequential scheme M’'. Moreover, for every F; € ¥ with k;
states we have

)& (50)

Paur(ig1 |z}

Pen 2 B P, s
or, equivalently,
—log P'(z}) < —log P'(z}|Fj) + logr;’f’. (52)
()
Now, by [13], [27], for every zT € A™
~mlog P'(a11F;) < a1 1F;)
+ kj(a— 1)l°g" +0@™1) (53)
which together with (52) implies
~~log P'(s1) < H(af|F)
Fhia-D'E Lo@ ), (54

where the last term in the right-hand side of (52) has been
included in the O(n~!) term. Consequently, A’ is universal
w.r.t. every F; € ¥. By Lemma 5, it is also universal in the
class of FSM’s. Of course, (48) cannot be computed since it
involves an infinite summation. In addition, the real constant
I's is needed if we want P'(-) to be a probability measure.
Finally, observe that a naive approach of mixing a number of
terms that grows with n, might violate (3) and hence must

be ruled out. We next propose a method that overcomes these
obstacles.

Define for each FF = (S, k, f, 29) € ¥ an auxiliary
distribution

P(.’L‘;llF) Hez 1(371'31 1 F)
=1
zi = f(zic1, ), 1 <i<n (55)
where
A fa? ifi<k
6.(alz, F) = {GQ(alz) otherwise, 6)

and P(A|F) £ 1. The auxiliary parameter vector 6;(alz, F)
differs from 7;(a|z) only in a number of symbols that equals
the model order and, hence, is independent of n. Thus, the
deviation is asymptotically inconsequential. This idea was
already employed by Ryabko [26, eq. (9)] in the Markovian
case. However, the goal in {26] is the definition of a Markovian
process in a probabilistic framework, without specifying an
initial state, which requires arbitrary probability assignments
until there ar: enough symbols for determining a state. Now,
for every n 2> 0, let Fj(,,) denote the last machine in ¥ with
n states. Givzn a constant I > T', define

B ¥ 2in)
r

which is clearly a probability measure for each n > 0. The
particular assignment (56) guarantees a finite number (growing
with n) of machines in the summation of (57), while the
contribution of the others, that assign a uniform probability to
all the sequerces, is gathered in the rightmost term of (57). On
the other hand, the assignment (56) for 7 < k is unimportant in
[26], where the issue of the infiniteness of the summation is not
considered, thus maintaining the infinite summation of [26, eq.
(11)]. We interpret (57) as a mixture of probability measures
with a prior I"14(j) on F; € ¥, 5 < j(n), where the
machines with § > j(n) share a common weight l—I“lF]-(n).
The use of I' is aimed to avoid a real constant I'.,. Note that
the prior depends on n whenever I' # I',, but in a way
that guarantees the marginality condition (3), as claimed in
Theorem 2, where a new universal machine M is defined.
Theorem 2: Let

3(n)
P(z?) 2 TS () P(a|Fy) + (1 , (57)
=1

A P( z+1)
Ppy(Tigr|zh) P(mll) . (58)
Then Ppq(-|-) is a well-defined sequential probability assign-
ment for every « > 0, and the corresponding scheme M is
universal in the class of FSM’s.

Proof: First, we show that Paq(z;11]z}) is a well-
defined cond:tional probability. Consider the sum

i(nt+1)
Zp(xla) =I! Z [’Y(])ZP(%G'F )]

a€A a€CA

r
+ (1 - %)a ca~( D) (59)
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By (55), for every n > 0 and j > 1 we have
> P(zta|F;) = P(a7|F)).
a€A

In addition, by (55) and (56), if j > j(n) then P(z}|F};) =
a~" for every z7 € A™. Hence, (59) takes the form

(60)

j(n)
S P(zta) =T 4(5)P(aT|Fy)
a€A j=1

+ L) = Tim) —n

r

Tm
+ (1 _ J(F+1) ) -

j(n)
=T71Y () P(a}|Fj)

=1

F'n
+ (1——’;‘ ))a_"

Consequently, Ppq(z;41|x%) is indeed a probability measure
for every ¢ > 0, allocated by a scheme M.

Next, we prove that M is universal in the class of FS
schemes. By Lemma 35, it suffices to prove that it is universal
w.r.t. every given F; = (S, k, f,2) = F € V. For all
sufficiently large n, we have k& < j(n). In addition, I’ >
I'ew > T'j(n) for every n > 0. Hence, denoting v = ~({), for
all sufficiently large n and every z7 € A™ we have, by (55),
(56), and (57),

= P(z7). (61)

P(z7) > 7P(m§'|F) —a‘kHH (Tiy1]|2:, F)

i=k
n—1
—kl]e (Tiy1]z, F) = —a—kp'( "|F) (62)
=0

where the last equality follows from (41). Consequently, by
(53) and (62),

1 1. T &k 1
—zlogP(z{‘) < ;log— + Eloga - ——log P'(z}|F)

logn

H(x}|F) + k(o — 1)—= o +0(n™1). (63)

Therefore, M is universal w.r.t. F'. Since F is arbitrary, the
proof is complete. Q.E.D.

Note that a similar approach can be used with more re-
stricted mode]l families. Examples are Markov and finite-
memory (FSMX) models, i.e., models where each state is
determined by a bounded number of past symbols [20], {30].
If an upper-bound on the length of the states is known (so
that J in (43) is a given finite subset of ¥), the number of
terms in the mixture can be made finite. In this case, an elegant
recursive algorithm that computes the mixture without explicit
enumeration of the machines has been proposed recently [32].

As we noted for the bound in Section II, we can reach
optimality in a stronger sense, by considering in the mixture
machines supported by strongly connected graphs with an

arbitrary number F of edges. A machine with less than «
outgoing edges at some state, assigns probability zero to some
sequences, for which it does not contribute to the mixture.
With this approach we achieve, whenever possible, a smaller
model cost within each family, namely (E — k)(logn)/2n.

V. APPLICATION TO OTHER MODELS

The idea of creating a universal measure P(-) by using a
countable mixture of models {F;};>1 which degenerates to
a finite mixture, is applicable to other situations of interest.
Consider the following two examples.

a) “Piecewise stationary” data: Suppose that the data is
expected to have a “piecewise stationary” structure, namely, it
can be divided into segments having different characteristics,
but in eack segment the structure is relatively “simple” in
the sense that it can be compressed efficiently by a simple
machine, say, a single-state machine (X = 1). An extreme
example is z = (0000000000011111111111111111. In such
cases, the natural approach would be to partition the data into
two or more segments and to handle them differently. For in-
stance, in the case of two segments, we wish to find a universal
sequential scheme M that nearly attains mH (z7*|F) + (n —
m)H (z?,|F), where m is the length of the first segment
in the best partition and F is a given k-state model whose
assignments. are “adapted” to the current segment as defined in
(20). More precisely, a reasonable measure of the performance
of a universal scheme w.r.t. 7 and to F, would be

Az, M||F) & n! —log Par(a}) - min

<m<n

(mH(zT|F) + (n — m)H(z2 1 |F))|. (64)

When data flows serially, the universal scheme M knows
a priori neither the best parameters associated with each
segment, nor the best boundary point m. Following the idea
of (57), consider a prior I'7!1y(-) on m > 1. Note that even
though the relevant subset J of ¥ in (57) was finite, we
needed a nonuniform prior in order to cope with the infinite
number of models, for J was unknown. Similarly, here m
can take only 7 + 1 values but, since n is unknown (strongly
sequential scheme) this prior is proposed in order to define a
universal measure independent of the final value ¢ = =, which
is constructed by the mixture

-1
127(])P(z1|F)P(z]+1|F)

i=1

P(xl

+(1=T7Tin1)P(1|F)  (65)
where I > I'. This measure clearly satisfies the marginality
condition (3), thus yielding P (z;41|2%), defined as in (58).
This can be interpreted as a mixture of measures with a prior
on m given by ['"1y(m). Thus, with probability 1 —T';_, T,
m might be as large as ¢, which means that no transition occurs
in the first ¢ symbols. It is easy to see, using the same technique
as in the proof of Theorem 2, that the resulting redundancy is
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upper-bounded for every zT as

—1) 1
A(z?, M||F) < M@= loen  logn o1y
2 7 n
= ko - 1)+ 112E% £ 0@, (66)

where each segment contributes an 0.5[k(a — 1)](logn)/n
term and an extra (logn)/n term is due to the unknown
boundary point m. It has been shown in [15], where this
problem has been studied in a probabilistic setting (i.e., coding
for piecewise stationary information sources), that this is
essentially the minimum achievable expected redundancy. A
fortiori, it is a lower bound on the minimax redundancy
max,»can Az}, M||F) corresponding to the setting of [27].
Finally, if we also desire a doubly-universal scheme (i.e., F’
is not specified), another mixture, this time on F' as proposed
in (57), is needed.

b) Block coding: Suppose we want to design a strongly
sequential, universal code that competes with the family of I-
length block encoders, where [ is unspecified, i.e., the family
of uniquely decodable schemes that map input blocks of
(unknown) length [ to variable length codewords. These are
single-state encoders defined on the super-alphabet of I-tuples.
The comparison basis is similar to the one used with the FS
family. Note that any such encoder can be simulated by an
FS scheme with the same number of free parameters [24,
Theorem 1] and, hence, the universal code of Section IV
can successfully compete with this family, but there might
be situations where the “natural” model for the data is an /-
extension, and hence computing the mixture (57) would be
unnecessarily costly.

Proceeding as in Section II, one can readily show, using
Kraft’s and Gibb’s inequalities, that for a fixed ! the best
code in the family assigns to T a per-symbol code length
that equals the normalized Ith-order empirical entropy H,(z7),
defined by the relative frequency of nonoverlapping {-tuples
(we assume that ! divides n). Denoting by L (27) the length
assigned to z by any code C, we can proceed as in Section II
to show that for any given € > 0, any code C, any block length
{, and “most” sequences 7 we have, for all sufficiently large
n,

_ n S logn
n'Le(a}) - Bia}) 2 (o =1 - )22

67)
where the term “most” is defined as in Theorem 1, with types
being defined w.r.t. the {th extension of A. Thus, as in Lemma
5, a code C is universal w.r.t. the family of block codes, if for
every block length ! and all sufficiently large multiples n of
[, it satisfies

-1 ny n
;l,pgg{n[n Le(aT) — Hi(a7)]

logn _
<(of =1)—=—+0(n7"). (68
< (@' = DB+ 0. (68)
Arguing as in Sections IV and V a), a strongly sequential,
universal code for the family of block models is obtained as

follows. For each block length [ and every multiple ¢ of [,

define the probability measure

(i/1)~1
i A j
P 2 TT waSi

=0

(69)

where 7;;(v|l) is defined, for every l-tuple y that occurred
p;(y) times at nonoverlapping phases m! + 1, 0 < m < j,
Y]

in z7', as

A ply) +1/2

n(yll) = Tt alf2 (70)

For values cf 7 that are not multiples of /, define r = |4/!], and

>

yE AU+ —i

P(sifl) = Pt D) me(@oayll). D

It can be readily seen that, for each I, P(-|l) satisfies the
marginality condition (3). Now, for every ¢ > 1, define

i—1
P(a3) £ TS y()P(@i ) + (1~ T Tiy)a™  (72)
=1

where «(-), I';, and T', are defined as in Section IV. This
probability measure also satisfies (3). Thus, the code length
—log P(x%) defines a strongly sequential, regular code. The
code is universal w.r.t. the family of block models in the sense
that for all sufficiently large multiples n of [, the upper bound
(68) holds. Note that although the universal code is defined for
every sequence length, its universality w.r.t. a block length [ is
well-definec. only for lengths that are a multiple of . As in the
previous cases, this can be interpreted as a mixture of measures
with a prior I ~!(!) on [. With probability 1 — I'"'I";_,, [
might be as large as i, wi'h the resulting probability o~ for
the sequence, as follows from (71).

Finally, we point out that these ideas can be easily general-
ized to the case where not only the size [ of the best alphabet
extension is unknown, but also the choice of an optimal phase
is allowed. In this case, for each [, the probability P(z|l)
would involve an additional mixture over all possible phases.

APPENDIX A
A LOWER BOUND ON THE SIZE OF AN FS-TYPE

Our lower bound on |T| is based on Whittle's formula [31]
for the size of an FS-type. To state this formula we need
some further notation. For a type T, let ®7 denote a &k x k
matrix whose rows and columns are labeled by the states in
S, and suct that for any pair (s, ) of states, the entry @7,
is the number of transitions from s to 2z in 7. Note that at
most ko entries in ®T are nonzero, and that the row-sum
corresponding to a state z is p,,(z), while the sum of all the
entries is n. Moreover, the difference between the row-sum and
the column-sum for z is 6., — 6., where z,, denotes the final
state, which is uniquely determined by ®7. Now, divide every
nonzero row of ®7 by its row-sum, and substract the resulting
matrix from the & x k identity matrix I, thus obtaining a

matrix denoted & . Finally, denote the (s, z)-cofactor of [
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by TﬁT(s, z), s, z € S. Whittle’s formula states that

|T| — zn, ZO) H Mn(z)

zESHué Abn(za)l 4D
An asymptotic lower bound on (A.1) for every FS-type T
is given in [3], but it is not tight enough for our purposes.
Instead, we use Lemma 3, that provides a tighter bound that
holds for most types.

In our way to the proof of Lemma 3, we notice that if all
the rows of &7 are nonzero, then 7§T takes the form I, — @
where @ is a stochastic matrix. The following lemma applies
to this case.

Lemma A.1: Let @ denote a k x k stochastic matrix such
that each column has an off-diagonal nonzero entry. Then, all
the cofactors of I — ® are nonzero.

We notice that, by Whittle’s formula, the lemma holds
whenever ® corresponds to an actual FS-type, for otherwise
the type would be empty. However, our bounding technique in
the proof of Lemma 3 requires that this hold for any stochastic
matrix satisfying the conditions of Lemma A.1.

Proof of Lemma A.1: Let & 2 I — ®. First, note that
det® = 0 (1 is an eigenvalue for every stochastic matrix).
Next, suppose conversely that the (i, j)-cofactor ®(s, j) of
& is also zero. Then, expanding det® by its ith row, we
conclude that it is independent of the (¢, 7)th entry aij of
@. Thus, we can change the value of Ez-j without affecting
neither the determinant, nor the cofactors of the entries in the
ith row. Replace it by any arbitrary value. Furthermore, both
the determinant and the (i, ¢)-cofactor remain unchanged if
we also replace the ith column by the sum of all the columns.
Since the sum of the entries in each row of @ is zero, except for
the ith row, where ¢, ; has been replaced by a different value
and hence the new row-sum is some o # 0, we can expand
the unchanged det ® by the (new) ith column, thus obtaining
o - ®(i, i). It follows that ®(¢, i) must also be zero. (In fact,
the same can be shown for all the cofactors of the ith row.)

Now, let & denote the matrix obtained from ® by deleting
the ith row and the sth column. By definition,

0=3(, i) = detd" (A2)
where 3° 2 I1_, — . Since @ is a substochastic matrix, the
entries a:j, 0<!l,j<kofd satisfy

B> S 18l (A3

1<i<k -1
J#L

for every | (note that (A.3) is satisfied with equality for
every [ only if ® is also a stochastic matrix). Since by our
assumptions some off-diagonal entry in the removed column
is positive, ®° is not stochastic and, hence, strict inequality
holds in (A.3) for at least one row [. Now, an extension by
Hadamard of a theorem by Lévy [2, p. 69], states that this is
a sufficient condition for a determinant to be nonzero. Hence,
we have a contradiction. Q.E.D.

Proof of Lemma 3: First, we lower-bound the cofactor in
Whittle’s formula. As an auxiliary step, we consider FS-types
for which

Hn(za) 2 pin(2)8 # 0 (A4

for every z € S, every a € A, and some constant § > 0. For
these types, B takes the form I — @, for some stochastic
matrix ®. Farthermore, each entry of & corresponding to
an edge of F' is at least §, which, in particular, by the
strong connectivity of F', ensures that ¢ satisfies the condition
of Lemma A.l. Now, consider each cofactor of the entries
of I — ® as a continuous function of the nonzero entries
of ®, which by (A.4) belong to a compact subset A of
the space (0, 1)*®. By Lemma A.l, the sign of these k?
functions is constant over A and, by Whittle’s formula, must
be positive. By the compactness of A, each function attains a
positive minimum, yielding a unique minimum value gg(6),
independent of =, over all the functions. Thus, the function
gr(6), which uniformly lower-bounds all the cofactors over
all the matrices ET, possesses the following properties: it
is continuous, nondecreasing, positive for every § > 0, and
lims_0gr(8) = 0, since with & = I; all the cofactors are
clearly zero. It follows that gg(8) is strictly increasing for
sufficiently small values of 8, for otherwise it would be zero
in a neighborhood of 0. Consequently, it has an inverse g5 ()
which tends to 0 when z tends to 0.
Next, given € > 0, let 8. r(n) £ ¢~ (n~*/2). Clearly,

lim ., p(n) = 0. (A.5)
n—oo

By the definition of g(-), for every FS-type T satisfying (27)
for every z € S and every a € A, we have
Er(zn, z0) > g(g™H(n~/?)) = n~o/2. (A.6)
As for the other terms in Whittle’s formula we have, by
Stirling’s inequalities,

pn(2)!
log
1§ oy
? 27!'[1,”(2)
>nH(z]|F)+ =) log
(=t 1F) 22 Moca2tlin(z0) ¥ 1]
] 27”‘11(2)
> nH(zT|F) +
_71H(IE1| ) 2‘;5‘ [27W (Z)
, a—1
= nH(z}|F) - ( 5 )Zlog 27 i (2)
z€S
> nH(z}|F) - E-(()[T_l—)log 2mn
> rn.H(z}|F) - E(—(—I%Hilogn (A7)

where the last inequality holds for sufficiently large n. By
(A.1) and (A.5)—(A.7), the proof is complete. QE.D.
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APPENDIX B
PROOF OF LEMMA 4

By Lemma 2, and since 4(-) is a vanishing function of =,
(29) will follow if we can upper-bound N(4) as

N(6) < Ré(n)(n 4 1)e- Dk A

for some constant R. Since p,(z) < n for every z € S, it
suffices to show that the number N'(8) of types such that
un(za) < né(n) for every z € S and every a € A, is
upper-bounded by the right-hand side of (A.8). Now, given
a type, each edge of the graph of F' (which we also denote by
F), has an associated transition count, namely the number of
transitions corresponding to this edge for that type. Let N.(6)
denote the number of types with given final state z,, and such
that a fixed edge e has an associated transition count not larger
than né(n). Clearly, using a union bound where we let z,
range over S and e range over the set of edges, we obtain

N'(6) < k2N, (6). (A.9)

Thus, a sufficient condition for the desired upper bound on
N'(8), is

N(8) < 6(n)(n + 1)@~ D/k (A.10)

for any edge e of F' and any 2, € S. By a simple counting
argument, (A.10) will, in turn, follow, if we show that given
n and the final state of a type, we have k(a — 1) degrees
of freedom in the choice of the entries of the corresponding
matrix 7, and that any fixed entry (corresponding to the edge
e) can be considered as one of the free parameters, so that a
factor né(n) appears in the upper bound. In other words, we
need to prove that there exists a subset E of k edges in F', with
e ¢ E, whose associated counts (for any type) are uniquely
determined by the remaining k(o — 1) counts, that correspond
to the set E of the other edges of F. Next, we demonstrate
one such set E or, equivalently, a partial graph G of F' with
k vertices (the same as F') and k edges, which are exactly the
members of E.

In our way to G, we first delete e from F' (since, by
definition, e is not in G). Since F is strongly connected, the
resulting graph is (at least) connected. Hence, it possesses a
partial graph which is a tree [1, p. 153]. Add to this tree an
additional edge from F, different from e, thus obtaining a
partial graph of F', with &k vertices and k edges. This is our
graph G, so that it remains to prove that it has the desired
property, namely that the transition counts corresponding to
its edges are uniquely determined by the k(cx — 1) counts
corresponding to the edges in E, for any type. Since G is
connected and has as many vertices as edges, it is either a
single cycle, or has a vertex with only one incident edge ¢’
(such a vertex is termed pendant, [1, p. 152]). In the latter case,
since the difference between the row-sum and the column-sum
of &7 for any state z is 6220 — 012,., we have a linear equation
that uniquely determines the count corresponding to ¢’ from
the counts corresponding to the edges in E incident at the
pendant vertex. Remove ¢’, whose count has been determined,
and the corresponding pendant vertex from G, thus obtaining
a new connected graph with & — 1 edges and & — 1 vertices.

We can recursively continue with this process, until we end
up with a cycle. Now, consider any edge in the final cycle,
outgoing from state z € S and labeled with a symbol a € A.
Had the corresponding count u,(za) been determined, one
could have determined the remaining counts in the cycle by
linear operations, as described for the pendant vertices. Thus,
there is a linear equation relating p,,(za) with the counts that
are still to be determined. Furthermore, the sum of all the
counts associated with the edges in F' is n. Hence, there is
a linear equation that either determines p,(za) (in case the
counts are compatible), or has no solution. Assuming that the
counts correspond to an actual type, they must be compatible,
which proves our claim. The proof is complete. Q.E.D.

APPENDIX C
THE FAILURE OF THE PLUG-IN APPROACH

The counterexample sequences are constructed in a simple
case where only zero- and first-order Markov models are
considered. The former is a single state machine, that assigns
to each synmbol some constant probability distribution, while
for the latter the state at time ¢ is z;, and so it can assign
one of o probability distributions to z;,1. Let H,,(z%) denote
the empirical conditional entropy of z} w.r.t. model order m.
Thus, the estimator (47) takes the form

H\(2}) < v(i),
Hi(a}) > v(i).

We further consider a binary alphabet, for which the MDL

Estimate model order O if H(](.’L‘l)

Estimate model order 1 if Ho(z}) — A.1h

uses v(i) = 0.5:"llogi. Now, if
221/( )
1 A.12
Jm Tog #1, (A.12)
then either
logz log:
- — A.13
i) * A13)
for some positive C, in case u( /) dominates 0.5;~log i, or
log l i
o —v(i) > e (A14)

for some ) < ¢ < 1, whenever u(z) is dominated by
0.5: 'log .

For both cases where (A.12) holds, the counterexample se-
quences corstructed in [12] satisfy Ho(z) = 1 and H)(z}) =
1~ 6(i) up to an O(i~!) term, where §(3) lies between (i)
and (logi),;2¢ and, for large i, is away from both by at least
an O(i~llogi) term. The resulting code length is

(A.15)

I 1
P1(z™) > min { Hon(z7) + 2™ Og"}+K1 ogn
m=0, 1 2

for large enough n, where K is a positive constant. More
precisely, in case (A.13) holds, the MDL of the entire sequence
is attained by model order 1, and its value is Hi(z7) +
(2logn)/2n, while the plug-in scheme that uses v(-) as a
penalty terin always estimates an order 0, thus leading to a
per-symbol code length
PHa}) = Ho(a} )+

= Hi(z ")+6(n)+ " (A.16)



396

(within an O(n~1) term). In the case where (A.14) holds, the
MDL of the entire sequence is attained by model order 0 and
its value is Hy(z7)+ (log n)/2n, while a plug-in scheme with
penalty term v(-) always estimates an order 1, with a resulting
per-symbol code length

2logn
2n

R 1
= Hy(a}) — 8(n) + —22,

(A.17)

1P (@}) = Hy(a}) +

again, within an O(n™!) term.

Finally, when (A.12) does not hold, (namely, for the
asymptotic MDL estimator), the counterexample sequence
constructed in [12] satisfies Hy(zi) = 1 and Hi(z}) =
1— (%) up to an O(i~1) term. Furthermore, for this sequence
Ho(z%) — Hy(a}) fluctuates around v(i) so that about half
of the time Ho(z%) > Hi(z}) + v(i), and about half of the
time Ho(zi) < Hy(z}) + v(3). In addition, in the first case,
i.e., whenever order 1 is estimated, the next symbol is such
that the probability assigned by this model is smaller than the
one assigned by a zero-order one, and vice versa when order
0 is chosen. Now, given the entire sequence z7, the MDL
is attained by an order m which is either 0 or 1. Since the
sequential probability assignment (42) associated with order
m satisfies (40), the MDL of z7 is the corresponding code
length. On the other hand, as stated above, both models are
estimated alternately by the plug-in scheme. It can be shown
that whenever the estimated order differs from m, there is an
extra code length of O(,/(In<)/z) (see [12]). This overhead is
contributed alternately, about half the time along the sequence,
and hence the per-symbol excess code length above the MDL

is about
1 1N [Ing logn
LIS 20 S Koy
2 n; i -V TR

for some positive constant K. It follows that, for large enough
n, the corresponding code length satisfies

ety i ey + 25 B2

(A.19)

For further experiments regarding the sequential plug-in ap-
proach for coding, the reader is referred to [16].

In summary, the plug-in approach that assigns an asymp-
totically optimal code length in the probabilistic setting, does
not attain the MDL lower bound (45) for each sequence in the
deterministic setting, for any fixed vanishing penalty term.

(A.18)
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